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|mpedance Matching for the Multilayer
Medium—Toward a Design Methodology

Ka M. Hock

Abstract—A graphical analysis of the impedance matching
problem for the multilayer dielectric and magnetic coating of
metallic surfaces, for normal plane wave incidence, is presented,
with a view to providing insight into design principles. Methods
for visual design using Smith-chart-type graphical tools, which
can complement computationally intensive optimization, are
derived. The problem of estimating the required permittivity and
per meability for given frequency and thicknessis also discussed.

I ndex Terms—I mpedance matching, microwave, multilayer.

|. INTRODUCTION

LECTROMAGNETIC wave reflection and transmission

by multilayer media have been extensively studied be-
cause of its wide applications. Examples include radio wave
propagation through stratified layers of the atmosphere [1],
microwave impedance matching in multilayer media [2]-{4],
and multilayer structuresfor optical devices[5], [6]. This paper
focuses on the problem of microwave reflection from a metal
backed multilayer medium. The objective is to investigate the
problem of impedance matching in this structure.

The reason for the choice of a multilayer medium in mi-
crowave applications should be highlighted. The single-layer
homogeneous medium does not provide a sufficient degree
of freedom for broad-band impedance matching. The only
adjustable parameters, apart from thickness, arethe permittivity
and permeability which are difficult to adjust. In order to over-
come this restriction, much work has been done to investigate
the properties of different structures such as multilayer media,
doubly periodic surfaces [8], and chiral materials [9]. The
structures may combine more than one material. Each material
aone has permittivity and permeability that usually cannot
provide adegquate matching if used as a single layer. By com-
bining and shaping them, it is often hoped that electromagnetic
compatibility can be achieved to a greater extent than using
one material alone, and this constitutes the design problem for
these structures.

This paper focuses on the problem for multilayer structures.
Much of the work done in this area makes use of optimiza-
tion methods [10]-{14], and a popular choice of optimization
method is the genetic algorithm (GA). These “design” methods
make use of optimization completely, with little or no consid-
eration for the behavior of microwave transmission. However,
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the very need for optimization methods arose because of the
large number of parametersinvolved for al the layers—permit-
tivity, permeability, thickness, and wavelength. This means that
agloba search on al possible combinations is far too compu-
tationally intensive and cannot be achieved in areasonable time
even for a small number of layers. Hence, if it were possible
to reduce the optimization task by enabling some amount of
intuitive work, there should be great savings in computational
resources.

I1. A GRAPHICAL ANALYSIS

Themultilayer system studied consists of anumber of homo-
geneous layers, each of uniform thickness, coated on aperfectly
conducting metal surface. This paper follows the convention of
[15], in which the layer in contact with the air islabeled 1, and
the layer closest to the metal surface is labeled M-1. The cor-
responding thickness, permittivity, and permeability for layer
m are respectively given by ., £, and p,,, (Whose real and
imaginary partsaredefined by e = &’ —ie” and . = ¢/ —ip”’).
Conductivity o, is assumed to be zero for all layers, and only
normal incidenceis considered, so that the incidence angle 6 is
zero. Theequationsin [15] for reflection coefficient then reduce
to

Ko — 724

Ry=——~ 1
= KT Z D

where Z; is given by the recursive relation

Zrn + Krn—l ta‘llh(U’nl—lh”nl—l)
Zm—1 = K 2
! ! |:Krn,—1 + Zrn, tanh(Unl—lhnl—l) ( )
and where

K= /2™ and U, = jor/fumem 3
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form = 1to M — 1, with Z,; = 0. (Note that the subscripts,
whether m or m — 1, are just dummy variables. In (2), m = 2
to M — 1 only, and mn = 1 is not needed, so that 7, does not
exist. When m = 2in (2), for example, K,,,_1 = Kj, and this
isto be evaluated in (3) by setting m = 1 there.)

Instead of using these to vary the parameters and search for
the lowest reflection amplitude by optimization methods, the
ideais used to visualize the Z,,, for each layer graphicaly, like
on a Smith chart.

Toillustrate the method, the hypothetical dataset (reproduced
in Tablel) for the five-layer coating labeled HF2 in [10] is used.
InFig. 1, the result of mapping Z,,, using (1) (taking Z, as Z,,)
for each layer is shown. To understand this, consider first the
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TABLE |
RELATIVE PERMITTIVITIES AND PERMEABILITIES
OF THE 16 MATERIALS IN THE DATABASE

Lossless Dielectric Materials (u=1+j0)

# Er
1 10+j0
2 500
Lossy Magnetic Materials (g, =15+j0)
s u(n-20TE (- A0S
I S
# H(1GHz), o M1 GHz), B
3 5,0.974 10, 0.961
4 3, 1.000 15, 0,957
5 7,1.000 12, 1.000
Lossy Dielectric Materials (i, =1+j0)
emp i . _& (GHz) . _& \GHz)
e aep) I , () 73
# e{1GH2), o si(1GHz), B
6 5,0.861 8,0.569
7 8,0.778 10, 0.682
8 10, 0.778 6,0.861
Relaxation-type Magnetic Materials (s, =15+j0)
. o Hon S o] ‘
=L M, = e i“ = Fa (f and £, in GH2)
# Hem fm
9 35 0.8
10 35 0.5
11 30 1.0
12 18 0.5
13 20 1.5
14 30 25
15 30 2.0
16 25 3.5

"Reproduced from ref. [10]

metal surfacewith no coating. Since K¢ = 0, themappingin (1)
gives Ry = 1, whichisrepresented by theclosed circlein Fig. 1.
Equation (2) is then applied recursively to give Z5, Z4, Z3, Z>
and Z;. These are mapped to the complex R plane in Fig. 1,
and labeled 5 to 1, respectively. The mapping used is based on
(1), which can be written in theform R = (1 — 2)/(1 + 2). It
is carried out by repeatedly setting » to Z,,,/ Ko, where m is 5
to 1. The curve joining Z,, to Z,,_1 is obtained using (2) by
varying h,,,_1 from 0 to the actual thickness. For instance, the
curve between points 5 and 4 is obtained from

Z5 + K4 tanh(U4h)

Z =K.
4 Ki+ Z5 tanh(U4h)

(4)

by varying A from 0 to ~4 and mapping Z to the R plane.

InFig. 1, the dotted curves are the unit circlesfrom the admit-
tance Smith chart. We used thisinstead of the impedance Smith
chart because of the form of (1). The impedance Smith chart re-
sults from the mapping R = (z — 1)/(z + 1), whereas (1) is
of theform R = (1 — z)/(1 + z), which corresponds to a 180°
rotation. Whichever one is plotted, it is clear that the material
curvesin Fig. 1 do not follow those in either form of the Smith
charts. While we can till think in terms of capacitance and in-
ductance by moving down or up on a Smith chart, a different
set of charts are needed for quantitative analysis. (A similar use
of the Smith chart has been discussed in [7] for the multilayer
resistive sheet and in [8] for the frequency-sel ective surface.)

In order to have a design method, it is necessary to look for
behaviors that are more universal in nature. This need, together
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Fig. 1. Mapping of Z,,, to R, based on parameters of the coating labeled HF2

in[10], at: (&) 1 GHz, (b) 3 GHz, and (c) 10 GHz. HF2 consists of layersm = 1

to 5, made up of materials number 16, 8, 5, 2, and 13, with thicknesses 0.537,
0.432, 0.261, 0.465, and 0.975 mm, respectively.

with the idea behind the Smith chart, suggests that it may be
useful to createatrajectory plot or aquiver plot from (2) for each
material of the coating. A trajectory plot consists of afamily of
possible trgjectories for each material, as illustrated in Fig. 2,
such that each trgjectory corresponds to the mapping of Z,, 1
for agiven Z,,, in (2). Ontheother hand, aquiver plot consists of
acollection of arrows, and each arrow islocated on the complex
R plane, indicating the change of 12 for asmall incrementin A,
likein Fig. 3.

A trgjectory in atrgjectory plot may be created as follows.
Select any point on the unit circle, i.e., |R| = 1. Substitute this
into Ry in (1) and calculate Z; . (Do not associate Z; with layer
1. Just treat it asadummy variable. Likewisefor Ry.) Next, sub-
dtitute Z; into Z,,, in (2). Calculate K, from (3) by taking
and 1, as the permittivity and permeability of the material of
interest and substitute it into K,,, 1 in (2). Then, by increasing
hm—1 from zeroin small steps, calculate aseriesof Z,,,_; from
(2). Substitute each 7,,, 1 into Z; in (1), calculate Ry, and plot
them on the complex plane. This gives the trajectory.

Each arrow inthe quiver plot may be created asfollows. Con-
sider a point inside the unit circle. Suppose that this represents
thereflectivity R of acertain coating. Suppose now that an ad-
ditional layer of the same material, with relative permittivity «,.,
relative permeability 11,,, and of thickness 54, is added. Using
(6), which is explained in the next section, calculate

dR
SR~ - sh. (5)
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Fig. 2. Trajectory plots at 10 GHz for materials: (a) number 13, (b) number
2, and (c) number 16 of [10]. The two concentric circles at the center of each
figure correspond to —20 dB (for the smaller one) and —10 dB (for the larger
one) reflection.
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Fig. 3. Quiver plots showing the general arrow directions for four extreme
cases of permittivity and permeability. Each plot shows the contributions
from the material properties of a thin layer with thickness 64 to the change
in reflectivity. The calculation is carried out at a frequency of 3 GHz for the
values of the properties indicated.

Z' = Z/Ko in(6) isobtained by calculating Z; from Rq in (1)
and then substituting Z; into Z. 6 R isacomplex number which

can be represented as a vector. This gives the required arrow.
Thisisrepeated for aregular set of points, and the quiver plotis
obtained.

The trgjectory and quiver plots are useful not only to pro-
vide visualization of the multilayer design, but also to give in-
sight into to the process. For instance, it is known that R must
aways start from 1. (For the metal surface alone without any
coating, Ry = 1 from (1), since Z; = 0.) We may then try to
design amultilayer structure using the three materialsin Fig. 2.
The trajectory plot makes it possible to see a one glance the
path that a curve joining the mapping of any two points, Z,,,_1
and Z,,,. For instance, if material number 13 is chosen to be the
layer in contact with the metal surface, the solid arrow shown
in Fig. 2(a) going from R = 1 to point A is the only possible
path, but this does not approach the neighborhood of R = 0. If
materials 2 and 16 are available, we may then make use of their
trajectory plotsin Figs. 2(b) and (c), respectively, to find a suit-
able path. If the next layer is chosen to be material number 16,
Fig. 2(c) shows that it still could not bring the path from point
A anywhere closer to R = 0. If material number 2 is chosen,
however, we could first follow a path from point A to point B.
Then B can be adjusted by varying the thickness of material 2
[Fig. 2(b)] suchthat the addition of material number 16 asathird
layer would be able to bring point B to point C, which is much
closer to R = 0 [Fig. 2(c)]. Although it may be argued that this
is only obvious from hindsight after Fig. 1 has been obtained,
the possibility of practical design using the trgjectory plots is
nevertheless promising because of the simplicity of the proce-
dure. For instance, the thickness of each layer is immediately
obvious because the length of each arrow is easily estimated,
e.g., the distance between adjacent dots on each trgjectory in
Fig. 2is 0.1 mm.

Theaboveapproachisin fact avisualization of theformalism
used for optimization in [2]. There, the sum of the length of the
trajectories and distance between the fina end point of the tra-
jectories and R = 0 is used directly as an optimization cost
function. What is new hereis the suggestion of creating the tra-
jectory plots and using them as a design tool before launching
into full-scale optimization.

The calculations and visuadization in Fig. 1 have been re-
peated for al of the 13 optimized coatings given in [10]. It is
found that, in al but one case, they show similar behaviors to
Fig. 1: the trgjectories first go from R = 1 toward R = 0 inan
approximately direct path at 1 GHz and then fold into aloop as
the frequency isincreased to 10 GHz.

I11. DIELECTRIC AND MAGNETIC REQUIREMENTS

In many other fields of technology, it isoften possibleto know
to some order of magnitude whether a particular component is
suitable for a design. Consider the simple question as to what
value of permeability issuitablefor aparticular multilayer struc-
ture. Suppose, for instance, that it is necessary to do impedance
matching for amultilayer medium with athicknessof 3mm at a
frequency of 10 GHz. Suppose that two materials are available
with permeability 1 —0.15 and 3 — 105. Isit obvious which ma-
terial is suitable and which one is not? Even with computation
and optimization, it isnot possible to determine the answer with
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certainty. In this section, a simple method is discussed that may
give an estimate of the suitable permittivity and permeability.

The approach is to examine the quiver plots described in the
previous section to determine if there exist any general trend
in the directions and magnitudes of the arrows in relation to
changes in permittivity and permeability. The vector quantities
of the arrows in the unit circle on the complex R plane may be
determined by differentiating R with respect to /» using (1) and
(3) to obtain

dR
dh =0

Ve
R N
where 7' = Z/Kjy. Equation (6) is derived in the Appendix.
Here, R = Ry, Z = Z;, and h = h;. We have chosen to omit
the subscripts since, in what follows, we shall not be referring
directly to the different layers within the mutlilayer structure.
This simple formula can be used to quickly compute the arrow
directions and magnitudes anywhere in the unit circle. Only a
small number of selected pointsis sufficient, since variationsin
arrow magnitudes and directions tend to be gradual, as Fig. 3
shows. Equation (6) can be used in a simple way to determine
the suitable ranges of permittivity and permeability. Consider
first the extreme caseswhen ¢,. and 1.,. arelarge or small. From
Fig. 1, since the shortest path from R = 1 to O is desired, it is
likely that in the optimum design the actual path may lie close
to the positivereal R axis. From (1), the corresponding range of
Z%'is0to 1, i.e., areal number. Using this, (6) can be simplified
for the following cases.

Casel) For large )/ and small ..., ., and €’

dR A pl! @
— — -
dh|,_o M1+ 2')?

Case2) For large 1. and small p!, ., and £/
dR L ®
dh|,_, M1+ 2)%

Case 3) For large . and small p., u7, and epil!,

dR

jarZ"2e!
— —
dh h=0

T+ 7 ©

Case4) For large ! and small p., )/, and £/,

dR
dh

Y AL
— NI+ 2 (10

=0

The direction of the arrows in the neighborhood of the posi-
tivereal R axisfrom 0to 1 can then be determined for the above
cases.

Casel) For large !, and small ), /.,
points to the left. See Fig. 3(a).

Case2) For large 1., and small p!/, £/, and ¢/, the arrow
points downwards. See Fig. 3(b).

Case 3) For large £/, and smal ., 1/ and €, the arrow
points up. See Fig. 3(c).

Cased) For large €/ and small pu)., p! and ., the arrow

points to the right. See Fig. 3(d).

and £/, the arrow
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These results are illustrated in Fig. 3. In Figs. 3(c) and (d),
some arrows aong the positive rea axis point down because
of the finite value of u!.. It is interesting that the effects of
it ., el and e” can be so clearly separated. Even though this
analysis has only been carried out for the extreme cases, quiver
plot visualization shows that the trend remains similar to some
extent even for other combinations of values of permittivity and
permeability. The above result is immediately useful as a rule
of thumb, because it is known from Fig. 1 that the multilayer
design may be visualized as the creation of a path going from
R = 1t00. They may aso be used to give an estimate of the
range of suitablevaluesof permittivity and permeability. First, it
is clear that a high magnetic loss material is most desirable, for
not only do the arrows in the region between & = 1 to 0 point
in the desired direction, but the magnitudes of these arrows are
also proportional to the magnetic loss, 1/, as (7) shows.

To obtain an estimate for the order of magnitude of ;i that is
suitable, suppose a medium has a number of layers consisting
of a combination of low-loss dielectric and high-loss magnetic
materials. Since the effects of 1!/, !, €., and € are clearly
separate, each of them can be treated individually. Assume also
anideal casewhenthetrgjectory goesfrom R = 1to 0 and stays
close to the real axis, so that it is close to the shortest possible
path. We can estimate the total layer thickness of the magnetic
layers directly from Fig. 3(a) just by counting the number of
arrows. Each arrow (6R) corresponds to a thickness (6h) of
0.1 mm. The word “arrow” hereis used in abroader sense than
the actual arrow shown in the quiver plot. It is used as a unit of
measurement of distance, a unit whose size varies with position
on the complex plane. For instance, the size of gaps between
the arrows should also be estimated in terms of the number of
arrow lengths. Using this idea, we estimate about 12 “arrows”
aong the real axis, from & = 1 to the 20 dB circle. Thus,
if a 20-dB reflection is required at 3 GHz, for 12/ = 10, this
corresponds to atotal thickness of magnetic layers of 126 =
1.2 mm. Conversely, suppose the requirement isfor amaximum
thickness (H') of 3 mm of magnetic layers. From (5) and (7),
since for given 6 R, ;1! and 6h are inversely proportional, this
impliesa ! of 1.2/3 x 10 = 4. It should be noted that, even if
wr is different from 4, adesign may still be possible if suitable
trgjectories away from the real R axis can be found, since the
abovediscussion only holdsfor trajectoriescloseto thereal axis.

This, of course, is very approximate, but it nevertheless nar-
rows down the suitable range of permeability from absolutely
no knowledge to possibly within an order of magnitude. Re-
turning to the example question in the first paragraph of this
section, and assuming that the required multilayer specifications
are H = 3mmand A = 3 cm, itisnow possibleto answer more
confidently that an average permeability of 1 — 0.1 may not be
suitable. In fact, if all the available materials were largely di-
electric media, then it would be very difficult to design the mul-
tilayer structure since, in this case, Fig. 3(c) and (d) shows that
thereis no direct trajectory movements to the left. (We may, of
course, move aong the semicirclefrom R = 1 to 0 in Fig. 3(c).
Thiscorrespondsto a /4 dielectriclayer. But then the thickness
isgreater and it tends to be narrow band.) However, if the avail-
able materials have an average y:,- of around 3 — 107, then the
chance of a successful design is likely to be higher. The thick-
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ness of each layer would have to be adjusted to give an average
that falls within the suitable range. This may, for instance, be
carried out with a combination of the visual design describedin
the previous section, and optimization.

Turning now to ., it is clear that this cannot be separated
from ., since the upward contribution from the former must
be designed to compensate for the downward contribution of
the latter. Such arelation is clear from Fig. 3(b) and (c¢). For a
given set of magnetic layers and for a particular frequency, it is
necessary to select dielectric layers of suitable thicknesses and
e’ to correct for the“ deviation” caused by ;... Note that we have
ignored =/ because the dielectric layers are assumed to be low
loss in the above discussion.

IV. DESIGN STRATEGY

Based on the above results, it is possible to design strate-
giesfor impedance matching of multilayer structure. First, afew
rules of thumb are summarized as follows.

1) Each layer may be represented by a trajectory on the
complex R plane.

2) The start of the trgjectory corresponds to the surface
touching the metal plate, and the end of the trajectory
corresponds to the surface in contact with the air.

3) The shape of thetrajectory dependson thes and 1. of the
layer and is usually curved in the clockwise direction.

4) Asthelayer thicknessincreases, thetrajectoriesincrease
in length.

5) If the material islossy (i.e., £/ or £/ not zero), all pos-
sible trajectories converge to a point given by [16]

R=— 11—y N1’/51‘
1+ \V4 N1‘/5r

where ,. or 1, are complex.

6) If the material is lossless, the trajectories form closed
circles which enclose one another.

7) For the layer touching the metal plate, the trajectory al-
ways start from R = 1 + 0s.

8) Trajectories of additional layers are cumulative and are
joined end to end. That is, the next layer trajectory starts
at the end point of the current layer trajectory.

9) The overall amplitude and phase of reflection are given
by the end point of the last trgjectory.

10) For good impedance matching, this point must be as

closeto R = 0 as possible.

One obvious design strategy is suggested here. Unlike the
above rules of thumb which should be true under most condi-
tions, a design strategy may not always work. It may be consid-
ered as a method to locate a local optimum. However, a design
procedure based on the complex R plane may nevertheless give
insight into possible alternatives by giving amore global view of
the matching behavior. The following strategy is derived from
observation of the behavior of the trajectories in Fig. 2. It as-
sumesthat it is better to try to take the straight path from R = 1
to R = 0 and that a computer is available to generate the re-
quired family of trgjectoriesfor each material at the frequencies
of interest.

(11)

1) Along the straight line joining R = 1 to R = 0, contri-
bution to the trgjectory direction is likely to be separable
into the following contributions: £/, up, €/’ right, 1:/. down,
and p! left.

2) The most important contribution therefore comes from
u. If possible, the first layer should have high magnetic
loss in order to bring the trgjectory ascloseto R = 0 as
possible.

3) Inreal material, thee!. or /. may not be small. Thiswould
lead to a deviation of the initia trajectory upwards or
downwards. It may be possible to compensate for this by
using another layer with high /.. Thetrajectoriesfor such
material tend to form small circles on theright half of the
R planeasin Fig. 2(b). So the trajectory may be madeto
move up or down by adjusting its length.

4) Thelengths of thefirst two trajectories should be adjusted
until the end point is suitable for the third layer.

5) A high p!” material should again be selected for the
third layer, so that there are trgjectories traveling left and
passing close to R = 0. A bundle of such tragjectories
may be projected backward until they meet the end point
of the first two trajectories.

The above strategy assumes essentially three layers: a
low-loss dielectric layer sandwiched between two lossy
magnetic layers. More layers may of course be added for
fine-tuning if materials could be found with trajectories in the
right directions. Strategies for other combinations of materials
may also be devised. For broad-band matching, the above
strategy may be repeated at a few different frequencies within
the band of interest. The following additional steps may be
considered.

1) Start with the highest frequency. Design the trajectories
with afold in the clockwise direction, asin Fig. 1(c).

2) For lower frequencies, the trgjectories will “unwind” in
the anticlockwise direction, as in Fig. 1(b). As a result,
they will unfold and the end point may move nearer to or
further from R = 0.

3) If necessary, steps 1) and 2) may then be repeated. Ad-
justing the lengths of the trajectories can shift the final
end point accordingly. The processis repeated until a sat-
isfactory broad-band matching is obtained.

V. DISCUSSION

In this section, we use the ideas from the previous section
to design a multilayer structure. Starting with the same design
as Fig. 2, which has a dielectric layer sandwiched between two
magnetic layers, we vary the thickness of each layer. We mon-
itor thetragjectory plotsat 1, 3, and 10 GHz, with the intention of
getting the final points of the trgjectories for al three frequen-
ciesinto or as close to theinner circle as possible. A MATLAB
program has been written for this purpose, with all the trajec-
tories plotted automatically each time a new set of thicknesses
is entered. After trial and error for about ten minutes on a com-
puter, the results in Fig. 4 are obtained.

The reflection from this design is compared with the GA re-
sultsfrom [10] in Fig. 5. In particular, HF2 has atotal thickness
of 2.670 mm, which is closest to that in Fig. 4. For only three
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Fig. 4. Trajectory plots of layers 1 to 3, made up of materials number 16, 2,
and 13, with thicknesses 0.8, 0.6, and 1.2 mm, at: (a) 1 GHz, (b) 3 GHz, and
(c) 10 GHz, respectively. (d) Theloci of the endpoints of the trgjectory for each
layer, from 1 to 10 GHz, is shown.

______________________

________i—Design _L
-20 | = HF1 '
| — HE2
- HF3

_____

-25 -4 - HF4
30
10" 0 10’
f (GHz)

Fig. 5. “Design” isthethree-layer structure designed in Fig. 4. HF1-4 are the
GA results for five layers each from [10], with total thickness 5.244, 2.670,
1.761, and 1.236 mm, respectively.

layers, it compares favorably with the GA results, which use
five layers. It may be argued that our selection of the materials
and initial thicknesses have been biased by a prior knowledge
of the GA results. However, since the method provides imme-
diate visual information on the variation of R with thicknesses,
it should be useful on its own.

In conclusion, we have presented a graphical design method
for the multilayer impedance matching problem. It provides a
visual picture of each material property and chartsout each layer
as a curve on a Smith-chart-type figure. This allows an imme-
diate global view of al parts of the problem simultaneously and
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providesthe tools heeded for designing intuitively. This method
provides greater insight into the problem and can complement
existing design methods using optimization techniques.

APPENDIX

In this Appendix, (6) is derived. Suppose that the reflectivity
of amultilayer structure is plotted as a point on the complex R
plane. When a thin layer of material of thickness is added, the
reflectivity may change slightly, and this corresponds to a new
point. The objective is to determine this shift on the complex
plane. In order to do this, we can make use of (1)—3). Without
loss of generality, we may associate layers 2 to M-1 with the
multilayer structure and layer 1 with the thin layer of material.
Thereflectivity of themultilayer structureisthengivenby Ry in
(2), with Ay = 0. When the thin layer is added, h; isincreased
to hy+6hy, and Ry takeson anew value, Ry +6Rg. 6h isthus
the thickness of thisthin layer, and § Ry is the same as the shift
on the complex plane that we want. Using the small increase
approximation

dRg

™ ohy

(A1)
where the derivative should be evaluated at ; = 0.

We next obtain aformula for this derivative. Notice from (1)
that Ry dependson Z;. Z; in turn depends on A; according to
(2). This is reproduced here with m = 2 for convenience as
follows:

Zo + K4 tanh(U1h1)

Zi =K . A2
YT KL o+ Zotanh(Ushy) (A2)
We shall obtain the derivative using the chain rule
dRy dRydZ;
— = A3
dhy  dZy dhy (A3)
First we find, from (1)
dRo 2K,
_— = Ad
dZy (Ko + Z1)? (A

Next, from (A2), we have the equation shown at the top of the
following page. Evaluating this equation at ; = 0 gives

az| U

Bl (K} —Z3) . (A5)
Combining (A3), (A4), and (A5) yields
2—% - —ﬁ% (K2-272).  (A6)
From (A2), when h; = 0, we have
Zi =2, (A7)

afact that is also physically obvious since A; = 0 means that
layer 1 is absent. From (3), we have

K, = & and U ij\/ulé‘l. (A8)
V €1
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dZzy

(K1 + ZQ tanhUlhl)Kl — (Z2 +K1 tanhUlhl)Zg

(SeC hQUlhl)Ul

dhy

(Kl + Z2 tanh Ulhl)2

Substituting (A7) and (A8) into (A6) and rearranging yields

R,
dhy

2
o Ko+ 2Z2)?

(jwer) (“—11 - Z%) . (A9

Let £, and y,. be the relative pemittivity and permeability, re-
spectively, of layer 1. Then e; = ege, and 1 = popr. Let
Z' = Zy/ Ky and notice from (3) that Ko = +/ji0/e0. Then
(A9) becomes

dRo _ 2K (jwer) <& - 2)
dhy _— - (14 Z')2K2 Jwey e 2
. 2K0/ 2(}0.)61) Nl/;':l _ Z_22
(1+2) K3 Ky
_ 2K, . N1/51 12
(i1 72 Jwes) <uo/€0 4 )
== (1 i_I(ZO/)Q (jWEOET) <l:_7 Zl2>
T ?1 J:L OZ/SS (Gweo)(pr — €0 Z")
= — g ViR e = 2,2%)
= g e = 2,2%)
- _ﬁ(ﬂw/x)(w _ 2% (AL0)

where we have made use of ¢ = w/k, k = 2x /A, and ¢ =
1/y/mo€o in the last two steps.

To simplify the notations, we omit the subscriptsand let R =
Ry, h = hy,and Z = Z; which from (A7) is the same as 7,
when h; = 0. This should not cause any confusion since, for
(A10), we shall mainly be interested in the distinction between
the multilayer structure as a whole and the thin layer that is
added on top of it, so that we would not need the subscripts to
distinguish between the different layers within the multilayer.
Equation (A10) is then the same as (6).
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